VOL. 1, NO. 6, NOV.-DEC. 1978

J. GUIDANCE AND CONTROL 397

Design and Evaluation of Sensor Systems
for State and Parameter Estimation

Narendra K. Gupta* and W. Earl Hall Jr.¥
Systems Control, Inc. (Vt), Palo Alto, Calif.

Sensors are important parts of feedback control designs and system identification functions. Practical sensors
are, however, subject to a variety of errors that degrade state and parameter estimation accuracies. An analytical
technique is developed to determine the effect of sensor errors on estimation accuracies. The analytical technique
does not require Monte Carlo simulations and enables evaluation of the effects of several errors efficiently. The
power of the suggested method results from propagation of the information matrix (inverse of the covariance
matrix) rather than the covariance matrix, as is often done in most work on state estimation and parameter
identification. Simpler algorithms result because of the additive property of the information matrix. Examples

indicate the applicability of the techniques presented.

Introduction

ENSOR specification is becoming an-increasingly more

important aspect of subsystem integration. The basic
problem is to select those instruments and associated ac-
curacies that provide data for control, state estimation, and
parameter estimation functions, required to improve overall
system performance. A fundamental tradeoff exists, however,
between the accuracy of a sensor and its cost. Accuracy itself
is characterized by specific types of errors which cause the
sensor output to deviate from the sensed variable (Table 1).
Minimization of these types of errors produces the increase in
cost of a particular sensor.

To some extent, there is a tendency to specify the best
available sensor regardless of the cost. The result is an un-
matched set of sensors and channels where most of the errors
are produced by only a few channels or sensors, and the
remaining elements are too accurate for the requirements.
These latter elements could be degraded substantially with
associated cost savings and without significant deterioration
in overall mission performance. On the other hand, system
capabilities can be advanced significantly by improving only a
small number of subsystems. Also, effective fault tolerance
may be obtained by using a redundant hardware for only the
most critical systems.

The determination of subsystems most responsible for
overall estimation error requires the computation of the
sensitivity of parameter/state estimation error to each
component of sensor/channel error. A direct approach is the
Monte Carlo simulation method. In this method, the
estimation procedure is simulated, together with the system
dynamics. Errors are introduced one at a time, and the states
and parameter estimation errors are computed for a number
of runs. Ensemble average of these runs give the effect of one
source of sensor/channel error on state/parameter estimation
error. Since it may be necessary to make at least 100 runs for
each error source, the procedure is very expensive for all but
the simplest sensor systems. The advantage of the method is
that it gives a sum of all of the errors, including numerical
inaccuracies, etc. This method has been developed and ap-
plied extensively by Sorensen et al.! and others.
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To evaluate the sensitivities of state/parameter estimator to
a large number of common sensor/channel errors efficiently,
analytical techniques are necessary. Some work has been done
in this area. Bierman? developed an analytical procedure for
determining state estimation errors due to biases in state
equations. An expression was derived for state estimation
errors if the biases are ignored and if the biases do not exist.
Bierman’s approach implicitly made the assumption that the
biases have a priori Gaussian distributions with known
covariances. This can be a serious assumption because biases
tend to be jump processes, as indicated by the works of Willsy
and Jones.? Asher et al.* showed analytic expression for state
estimation errors in reduced-order filters. Both of these
approaches apply only to linear systems. Gupta® presented a
procedure for computing bias and mean-square errors in
general estimators. In that paper, a maximum-likelihood
method was used instead of Bayes’ approach, used by
Bierman. The advantage of the maximum-likelihood method
is that no assumption needs to be made about the distribution
of error parameters. This is extremely important in nonlinear
systems, where higher order expansions may be required to
get the desired level of accuracy. Note that this does not in-
validate Bierman’s approach. In fact, in simple cases, our
results will be equivalent to those obtained by Bierman. This
paper extends previous results to evaluate the effects of sensor
errors on state/parameter estimation errors in linear as well as
nonlinear systems.

Problem Discussion
We consider a system (e.g., a vehicle) whose nx 1 state
vector x follows the dynamic equations

X=f(xu,0,¢)+w(t); O0<t<T (1)

Table 1 Typical errors in accelerometers
and gyro outputs

Accelerometer (integrating)
=scale factor
- = Cross-axis sensitivity
=random uncertainty
= bias
4,,8,,6, =errorinlocation relative to ¢.g.

w

% b x>

Gyro (rate integrating)

Ky = scale factor
K.« =anisotropy
o = anisoinertia
R = drift bias
Ey =random uncertainty

(Torque rectification, threshold)
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where u is a g X 1 vector of inputs to the system, 8 is a m x 1
vector of parameters of interest (e.g., aerodynamic
parameters of an aircraft), ¢ is a m’ x1 vector of error
parameters (e.g., scale factor and nonlinearities in angle-of-
attack vane), and w(7) is a n x 1 vector of noise inputs. Error
parameters ¢ result from modeling errors, deterministic
disturbances, or feedback of noisy signals in control channels.
For our discussion, the noise will be assumed zero mean white
Gaussian (ZMWG) with intensity Q. In general, sensors
measure certain functions of states and inputs. Their outputs
also may depend on parameters of interest and error
parameters and usually are contaminated by random noise:

y() =h(xu,0,¢9) +v(t); 0=<t=<T 2)
y(t), the sensor output, is a px 1 vector, and v(¢) is a zero
mean white Gaussian noise process with intensity R. We
assume continuous measurements, although discrete
measurements are a straightforward extension.

Error parameters ¢ represent two major effects: 1) the
modeling errors in state equations, and 2) parts of instrument
errors which remain relatively constant over short intervals of
time. These types of instrument errors are referred to as
systematic errors, as opposed to random errors represented by
ZMWG noise process v(f). Typically, basis, scale factor,
drift, etc., fall in this category.

Systematic errors and random errors have different effects
on estimation accuracies. Therefore, in the context of state
estimation and parameter identification, it is important to
distinguish between random instrument errors and systematic
instrument errors. Random errors produce a scatter in
parameter and state estimates. In parameter identification,
this scatter may be reduced by increasing the data length.
Systematic errors can be handled in a number of ways. If they
are ignored (set to a priori values), biased state and parameter
estimates result. The bias can be reduced substantially by an
accurate calibration of the instruments immediately prior to
the test and recalibration at periodic intervals for long tests.
Alternatively, since systematic errors remain essentially
constant during the test, they may be estimated
simultaneously with states and/or parameters of interest.
Although the estimates are unbiased, they have a larger
scatter because the same information is divided over a larger
number of unknowns. In addition, the real-time computation
requirements also may increase significantly. This indicates
basic tradeoffs among improved hardware requirements,
additional software/computation requirements, and
estimation accuracy. The next two sections develop an
analytical technique to evaluate the effects of ¢ and v(z) on
state/parameter estimation accuracies and to provide an
optimal tradeoff between hardware accuracy (and cost) and
software complexity.

Errors in State Estimates
In state estimation problems, the state and measurement

equations do not contain unknown parameters 6; therefore,

these equations simplify to

Xx=f(x,u,¢) +w(r) (3a)
y=h(x,u,¢)+v () (3b)

A Kaiman filter is an efficient method for state estimation,
when system and sensor models and error covariances are
known exactly. Since this is also a widely used technique, our
error analysis will be based on this implementation of the state
estimator. It should be pointed out that our error analysis
approach is quite general and is applicable readily to any
estimation algorithm, optimal or suboptimal (see also Ref. 5).
The Kalman filter formulation is selected with a clear un-
derstanding of its limitations to demonstrate the power and
generality of information matrix propagations.
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When systematic errors are present, two approaches are
applicable. In the first approach, the error parameters are
fixed at a priori calibration values, while in the second, the
error parameters are estimated concurrently with the state
variables. We now show the effects of each approach on state
estimation errors.

State Estimation Errors When Systematic Error Terms Are Set to
Calibration Values

Let ¢. be the calibration values of systematic errors. The
extended Kalman filter for state estimation would, then, be
based on Eq. (3), with ¢ set to ¢.. The Kalman state estimator
follows the equations

i=f({u¢.) +K(d,) [y—h(Xue.)] (4a)
£(0) = #(0) | (4b)

where the Kalman filter gain K(¢.) is obtained from a
solution of

M(¢.)=—-M($)F($.) —FT (¢, )M(o,)

+HT(¢.)R"H (o) —M(o.)OM(o,.) (5a)
M(¢) lio=P~1(0) (5b)
K(¢.)=M~"(¢.)H'R~' 6

where P(0) is the initial covariance of state estimate x(0), M is
the Fisher information matrix, and

F(¢.)

A (Kue)

H(¢.) =

oh(X,u,¢)
af I¢=¢ (7b)

Since the real system follows Eq. (3), the state estimation
error is given by
X=f(xu,¢) —f(Xu,6.) —K(d.) {h(x,u,¢)
—h(Xu,¢.) +o(0)} +w(1) ®)
where
X=x—Xx ©)

Expanding each term in-a Taylor series about (X,¢.) and
retaining only the first-order term, we get

. a -
sz(Q%D”% (6—0.) —K(¢ )H (P, )X

—K(¢.) (p—0.) —K(d)v(t) +w(1) (10)

ah
d¢
We divide X into two parts:

=%, +%, (1)

where X, and X, are random and bias components of state
estimation error. Clearly,

£, =[F(¢.) —K(6.)H(¢,) 1%, —K($)v(1) +w(r)  (12a)

af

%, = [F(6.) —K(6) H(6,) 15, + [5

dh
—K(¢c)5g] (o—9.)
(12b)
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Covariance of the random component ¥, of the total
estimation error is M=/, where M is the solution of the
Riccati equation, Eq. (5). The bias error may be obtained by
solving Eq. (12). Equation (12b) does not contain any random
noise term explicitly and therefore may be solved directly to
give a time history of X,. To determine the sensitivities of
state errors to systematic errors, we introduce an # X m matrix
X, which is a solution of the following equation:

. d oh
Xb=[F(¢C>—K(¢C>H(¢C>1Xb+[—éé ~K@ea g, | 19
Then, since Eq. (13) is linear,
Xy=X,(¢p—0.) (14)

Since the random errors are uncorrelated with systematic
errors, mean-square estimation error of x is given by

mse(X)= M~ '(¢.) + X,(¢6—¢.)(¢p—0.)TX] 5)
e “ . )

state additional state estimation
estimation errors when the systematic
when there are €ITOTS are set to a priori
no systematic calibration values
errors

It is important to point out, at this point, the errors in a
state estimator not based on a Kalman filter. Equations (4)
and (8-12) do not depend on the method for selecting K(¢,).
Clearly, the bias in the estimator is given by Eqgs. (13) and
(14), whether the gain K(¢,) is based on Eq. (5) or not. The
random error in state, X,, still follows Eq. (12a). However,
since ¥, and X may then be correlated even for linear systems,
the covariance of the random component of error is not
necessarily M ~/. It can be computed in a straightforward
manner.* Therefore, only the first term in Eq. (15) is affected
when a Kalman gain is not used.

A more accurate estimate of the state estimation error is
obtained by retaining higher order terms in Eq. (10). For
scalar state equations, retention of second-order terms gives

= [F(¢(.>-K<¢C>H<¢C>]f+[%—K(@)%]m—m
K@ +wi 1 [ ST ks T e
+[aizj; —K(d")aaxza};s](“5“”('))E
+<¢—¢C>T[:;f —K(qsc);%]w—m (16)

This is not a linear equation in X and is therefore difficult to
solve. A good approximation in many engineering problems is
to replace X in the last three terms of Eq. (16) by using Eqgs.
(11) and (14). This makes those terms functions of quadratic
errors in ¢, and their effects can be evaluated directly, because
the approximated equation is linear in X. Although higher
order expansions may be used, in engineering problems it is
rarely necessary.

State Estimation Errors When Systematic Errors Are Estimated
Concurrently with State Variables

When the extended Kalman filter is used to estimate in-
strument errors as well as state variables, the system state
vector must be augmented to include error parameters. In
addition to state equations, Egs. (3), we must also use ¢ =0. It
is assumed that the initial value of ¢ is ¢, and its estimation
error covariance is large. The extended Kalman filter for x
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and ¢ is
f=f(Xu,d) +K, [y—h(Xu,d)];  X(0)=x(0) (17a)

b=K,[y—h(£u,d)1; d(0)=¢.  (17b)

The information matrix for state x and parameters ¢ is of size
(n+m’) X (n+m’). It follows the equation

A B T
F($) | — o
(¢) | b9 F(¢) . 9
M=-M |-l S R M
o [ 0 o !0
T i 1
. 1 8h . 1 Bh Q10
| R—I H “ - | = ,___},,,,
q{H(qS)ia} { (¢>)]‘a¢ {00]
(18)
K, . ten T
=M | HG$)Y | o R (19)
K, 09
Since the covariance of the initial estimate of ¢ is large,
P10 7]
M@©0)= | - - (20)
0 ' 0
Writing
li M][ : MIZ :l
MA | ------ Fomeme-
M12 ; M22
we get
M =-M;F(¢)—FT($)M,,+H" ($)R'H($)
-M;,0M,, (029
. of . . ah
M12=_M11£ —FT ()M, +HT(¢)R_1£ -M,OM,,
(22)
. of af
M= =M~ (55 ) Mo
Oh N7, _, 0h  p
+(5g )R 55 ~MELOM, @3

Note that M,, follows exactly the same equation as M(¢.),
except that estimated values of ¢ are used in the M, equation
instead of the calibration values. Also, the M,; equation is
independent of M,, and M,, and therefore remains the same
whether the systematic errors are estimated or not. M~/ is the
mean-square estimation error in x and.¢. The mean-square
estimation error in x is therefore

mse{x) =
Mp;! +MIM, (Myy —ML,M 5 M) ' MLM T
- _J

state estimation errors
when there are no
systematic errors

additional state estimation errors
caused by simultaneous estimation
of systematic errors (24)

It is easy to show that M,, always increases. In general, the
contribution of the second term to the covariance of x
decreases with increasing time.
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Table2 Effect of systematic instrument errors on state estimation errors

Bias Variance Mean-square error
Systematic errors set to a
priori calibration X, (6—0.) M M +X,(6—0.) x (6—0.) TXT
values
Xy=Mp'Mp,
Systematic errors identified 0 M + X, (Myy — MM M) I X] M+ X, (Myy —MLM 5 M)~ XT
simultaneously
with state Xy=Mj;'M,

Table 2 summarizes the effect of systematic errors on state
estimation accuracies. It is easy to verify that

X, =M ;'M,, (25)

except for the difference in the state and systematic error
values where linearization is performed. The first term is
essentially equal in the two cases. The second term should be
compared to determine the useful approach in a specific
estimation problem. The systematic errors should be iden-
tified if the actual values of instrument systematic errors are
likely to be significantly different from the calibration values.

Parameter Estimation Errors

The sensitivity of parameter estimation errors to sensor
inaccuracies may be divided into two parts: the effects of
systematic sensor errors, and the effects of random errors.
Systematic errors in instruments and nonrandom modeling
errors may, as shown before, be treated in one of two ways:
either setting them to calibration values, or estimating them
simultaneously with parameters. The random errors must be
treated differently.

Estimation errors will be computed assuming that a
maximum-likelihood scheme 1is wused for parameter
estimation. Since the maximum likelihood is optimal in a
variety of circumstances, this analysis may give the lower
bound on the estimation error. Other estimators may be
treated in a similar manner using techniques developed by
Gupta.® Again, it should be mentioned that the proposed
method is general and may be applied to other parameter
identification methods with suitable modification.

The likelihood technique is based on the concept of the
negative log-likelihood function (NLLF), which is a function
of the parameters to be identified 6 and error parameters ¢.
The NLLF, J(6,¢), is given by

T
1(6,6) = Sa (T(OR-Tw(t) +log IR}l (260)

v(t) =y(t) —h[£(t),u(1),0,0] (26b)
where x(¢) is obtained from a Kalman filter, shown in Eq.
(4). Values of 6 and ¢ which minimize J(6,¢) 'are the
maximum-likelihood parameter estimates.

Parameter Estimation Errors with Systematic Errors Set to
Calibration Values

When the error parameters are set to a priori values ¢, the
estimates of parameters 6 are obtained by minimizing J(6,¢.)
with respect to 6; i.e., 8 is a solution of

aJ
36 (6,9.) =0 (27)
Expanding Eq. (27) about (6, ¢) we get
T o+ 2L 0,6y (0—0)+ 22 (0,6) (1-0)
a9 "’ 03¢ ¢ 392 "’
+ higher-order terms =0 (28)

It easily is shown that the estimate # is biased (see Ref. 6). The
bias, variance, and mean-square error of this estimator are
[neglecting the higher-order terms in Eq. (28)]

E(6—-0)=M;;'M,,(¢—¢,) (29a)
var(§—0) =Ml (29b)
mse (é —0)=
M +MiiM;(d—¢.) (9—9.) TMLM ] (29¢)
| — € - g
estimation error even additional errors when systematic
when systematic errors €rrors are set to a priori
are absent calibration values
where
a%J a2J a’J
M, =—, = —, M;y,=— 30
" 52 27 30a¢ 27 9¢2 30

A more accurate estimate of the mean-square parameter
estimation error may be obtained by including the higher
order terms in the expansion. In many practical cases,
however, the higher order terms are insignificant compared to
the first-order terms. Note that the result is very similar to
what was obtained for state estimation errors.

Because systematic instrument errors produce an additive
term in the mean-square estimation error for 8, their effects
can be analyzed one at a time. This then gives the sensitivities
of parameter estimation errors to each component of in-
strument error. This is important when tradeoffs have to be
established between different kinds of errors.

Parameter Estimation Errors When Systematic Errors Are Estimated
Concurrently With Parameters

Since the likelihood function is J(6,¢), 6 and ¢ estimates
are obtained by simultaneous solution of

1(6,8) _ 8J(6,8) _

a0 ’ o

0 31

Again, by expanding Eq. (31) about the true values (6,9), it
may be shown that the estimates (6,¢) are unbiased to first
order. The mean-square error of the estimate 6 can be shown
to be )

mse (§) =
My +M'M, (M, —MLM M) ~'MT,M !
C v J o\ - /

additional estimation error
because systematic errors
also are estimated

estimation error even
when systematic
errors are absent

(32
The second term in the error equation is caused by the
distribution of the information in the sensor measurements
over a larger number of parameters, thus reducing the ac-



NOV.-DEC. 1978 SENSOR SYSTEMS FOR STATE AND PARAMETER ESTIMATION 401

Table 3 Effect of systematic instrument errors on parameter estimation errors

Bias Variance Mean-square error

Systematic errors set to a

priori calibration Ty (6—0,) M,",’ My +T,(0—¢,) X (¢6—0,.) TT;

values

T,=Mj/M,,

Systematic errors identified 0 M + T, (Myy ~MLM M) 1 T] My + T, (My, —MLMIM,,) ' T]

simultaneously ‘

with state : T, = M]—[l M,
curacy of each estimate. Note that the second term does not Table4 Orientations of gimbals with respect to
fiepend on the calibration values of systematic errors. This vehicle axis system
implies that a constant penalty is suffered when the error = ——— -
parameters are estimated, regardless of the error in the initial Mechanical order Freedom Direction of axis
calibration. Table 3 summarizes the results. Innermost gimbal Unlimited Yaw

Second gimbal out +14.5 deg Roll

Effect of Random Errors on Parameter Estimation Accuracy Third gimbal out Unlimited Pitch

. . . i limited Roll
The parameter estimation error covariance caused by Outermost gimbal Unlimite °

random errors is M ;7. It is straightforward to show that'

Table5 Description of platform error terms

TovT (1) av(t)
M = S R de a3 T Description
o 00 a6 erm p
If there are p instruments, and noise in any two instruments is Component gyro D Specific force independent drift
uncorrelated, it is easy to see that _ D;,Dy,Ds  Drifts proportional to specific force
Dy, Dpo,Dgg Drift proportional to quadratic
i 1 (T /0w, () \1/8v, (1) Ds,D;0,Dps  functions of specific force
M, = — S (—'—*) < ! )dt (34) components
i=1 RiJo a6 00 Accelerometer K, Bias
where R;; is the intensity of error in the /th instrument. It is Kii Scale factor .
e . K, Quadractic nonlinearity
clear from Eq. (34) that the contribution of each instrument K. Cubic nonlinearity
Foward 'the tf)tal information is additive. The gradients 'of ﬁ,{‘/ Orientation errors
innovations, in general, do depend upon measurement noise KK, Cross-product errors
covariance, but the explicit effect is much more important. vy Random noise
Equation (34) may be rewritten as Resolver K, Scale factor error
P b Bias
AM; s .
M, = E R—” (3%5) vy Random noise
i=1 ii
INPUTS{
Bo0Y TRANSFORM BODY
s ACCELERATIONS TO
AERgggE‘L‘M‘C B0DY > ACCELEROMETER AND
ACCELERATION GYRO LOCATIONS
AT C.G. 1
B/
KINEMATIC COMPUTE LOCATIONS
MODEL OF PLATFORM MOUNTED %CE%SA”ON ﬁgciéggﬁgéow
ACCELEROMETERS AND )
YROS IN BODY A LOCATIONS OMETER
B/1 G IN BODY AXIS LOCATIONS
@ SYSTEM
y y
TRANSFOR of/8 )
—  maTron TRANSFORM TO
ACCELERATIONS AT v
Y 6/8 | GYRO LOCATIONS &
@77 | ALONG GYRO INPUT TRANSEORM TO
REDUNDANT TRANSFORMAT ION SPIN AND OUTPUT ACCELERATIONS AT
GIMBAL oP/1 AXIS ACCELEROMETER
LAW LOCATIONS AND
T ALONG THEIR
"—~——A—/§-—* INPUT, PENDULUM
oP/B ACCELEROMETER ® AND QUTPUT
AND GYRO AXES
MISALIGNMENTS
GIMBAL o/
RESOLVER INTEGRATION |0 RO DRIFT F GYRO DRIFT y
MODEL RATE MODEL ACCELEROMETER
l MODEL
RESOLVER OUTPUTS l

ACCELEROMETER OUTPUT
Fig.1 rlow chart for evaluating effect of pratform errors on aerodynamic coefficient estimation accuracy.
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Note that AM; is nearly independent of R,. Therefore, the
determination of the sensitivity of M,; to various components
of instrument random errors is a straightforward procedure.

Example

This section presents an example to demonstrate the
analysis procedure given previously. We show the effects of
errors in a four-gimbal platform on estimates of nonlinear
aerodynamic coefficients of a re-entry vehicle. Table 4 shows
the relationships of the nominal gimbal orientations with
respect to the vehicle axis system. The outputs are the four
gimbal resolver angles and the three axis accelerometers.
Figure 1 shows schematically the relationships between body
motions and instrument outputs.

Instrument Error Models

The orientation gyros, accelerometers, and resolvers all
have errors. The precession rate of gyro depends on specific
forces along the three axes and is given approximately by
(gyro precession causes platform precession)

w;= l)’r + l)[ ( 5;17) I + l)() ( 5;1:) 0 + IS)S ( :;1:) S
+ Dy (SF){+Doo (SF) 3+ Dy (SF) §

+ D5 (SF) [ (SF) s+ Do (SF) o (SF) ; + Dos (SF) o (SF) 5
(36)

where (SF) is specific force and 7, O, and S refer to input,
output, and spin axis. The accelerometer output contains bias
and is affected by nonlinearities and misalignments. The
indicated output is

Aing =K, +K;jA; + K Al+ K3 AT+ BA,
—vA,+K,AA, +K,A;A,+v, 37)

where i, p, and o refer to input, pendulum, and output axes,
and 8 and v are the misalignment angles. In addition, the
resolver measurements contain scale factor, bias, and random
errors. The resolver angle output is

b= (1+ks)d+by+0, (38)

where ¢ is the true resolver angle. Table 5 describes these error
terms.

Aerodynamic Model
A nonlinear aerodynamic model for the longitudinal

motion is analyzed. The normal force and pitch moment
coefficients are

C.,=C, +C, a+C, ,a’ (39a)

Cn=Cy, +Cmaa+Cma6+Cma6a5+Cma2a2 +C,,,M3;L3
+Cma4a4 +C’"a52a62 +C,,,a3a3

+C,,,ua2ua2+C,,,u253a253+cmw3ua3 (39b)

Here « is the angle of attack, é is the control deflection, and u
is the Mach number. This model and the corresponding
parameter values are based on the wind-tunnel data. It has
been observed that the basic variations of C,, and C, with o,
6, and p in flight are similar to those in the wind tunnel,
although specific model form and parameter values may be
different. Therefore, this model forms a useful basis for
instrument analysis and specifications.

Results

For the given flight path, the following results are com-
puted: 1) effects of each systematic error term on each
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Fig. 2 Contributions of various vertical accelerometer error terms on
C,, estimation error.
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Fig. 3 Effect of random error in instruments on root mean square
C,, estimation error.
o

aerodynamic parameter (e.g., see Fig. 2); 2) effects of
variations in random error (e.g., see Fig. 3); 3) contribution of
each instrument toward total error in each aerodynamic
parameter (e.g., see Fig. 4); and 4) total error in each
parameter (e.g., see Table 6).

Figure 2 shows that cubic nonlinearity and cross-coupling
in accelerometer affect C,, estimation error more than other
error sources. This helps comparison of different ac-
celerometers with different combinations of individual errors.
Figure 3 shows that it is more important to reduce random
error in gimbal angles than in accelerometers. In fact, failure
of gimbal error measurement could be very serious. Figure 4
indicates that, for nominal values of instrument errors,
random errors are more important than systematic errors, and
a hundredfold increase in systematic errors is not too serious.
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Fig. 4 Contribution of various instruments toward C,, estimation
o

€error.

Table 6 Summary of total parameter estimation errors®
Percent error in parameter estimates
Systematic Systematic Systematic
errors errors errors
Parameter nominal 10 X nominal 100 X nominal
C,, 0.10 0.10 0.17
o
C,,,5 0.027 0.033 0.20
C,, 0.041 0.061 0.45
o
C"'ua 0.11 0.12 0.17
C,,,az 0.18 0.22 1.3
Cpn 4 0.097 0.11 0.53
o
Cyp 2 0.28 0.30 1.2
Mmy2y,
C,,,u253 0.062 0.063 0.13
C’"a3u 0.71 0.94 6.3
Cz,, 0.53 0.60 2.9
Cy 0.70 0.74 2.5
o
C; , 4.4 6.5 6.8

4Random errors nominal.

(A similar increase in random errors would be very un-
desirable.) Overall errors under design and off-design con-
ditions are given in Table 6.

The errors in parameter estimates because of platform
errors are quite small. To get total error estimates, we must
add to values given in Table 6 effects of 1) error in knowledge
of atmospheric density; 2) errors in estimates of mass,
moments of inertia, and principal axes; 3) instrument location
errors; 4) finite sampling rate and word length; and 5) errors
in measurement of input signals. These error sources were
analyzed in exactly the same manner as the platform errors
using the technique of this paper, although the details of these
analyses have been left out of the paper for sake of brevity.
These sources add 2 to 15% more to parameter estimation
errors. The point of this entire exercise is to show that the
platform is a highly accurate device and does not contribute
substantially to total estimation error in parameters. As far as
the parameter estimation function is concerned, it is more
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important to increase word length and to get better
measurements of control deflection and weather data than it
is to use better and more expensive platforms.

Conclusions

This paper discussed analytical techniques for the deter-
mination of the influence of instrument random and
systematic errors on parameter and state estimation ac-
curacies. These techniques are based on the information
matrix formulation, which leads to significantly simpler
algorithms. A major hindrance to the development of such
approaches has been the traditional use of covariance matrix
in most estimation problems. The algorithms resulting from
information matrix analysis also provide good insight into the
nature and cause of errors and provide rapid means of
establishing tradeoffs between computation requirements and
estimation accuracy.

The determination of errors in state and parameter
estimates requires a ‘‘true’’ model and an ‘‘estimation”
model. The true model is more accurate than the estimation
model to the extent that it recognizes possibilities of errors in
the estimation model. As mentioned previously, these errors
might arise in the state equations (e.g., density variations,
actuator lags, wind speed) or in the measurement equations
(e.g., biases, nonlinearities). Otherwise, the true model and
the estimation model are equivalent. Therefore, the
requirement of the true model availability is not considered a
handicap in instrumentation analysis for engineering
problems.

The basic advantage of the analytical technique of this
paper is that it takes much less computer time than con-
ventional Monte Carlo type methods. (The reduction for
complex systems could be several orders of magnitude.)
Application of these methods should enable a thorough
evaluation of the sensor/channel characteristics prior to
system design and prototype test. Our experience indicates
that this evaluation, at an early stage, often reduces system
cost by simplifying the sensor subsystems and could enhance
state/parameter estimation accuracies. Critical ‘‘bugs’ or
instrument mismatches also are eliminated. Custom sensor
subsystem sometimes may be specified to meet the
requirements of a particular mission better.
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